The renormalization group equations (RGE) of the Yukawa couplings of SO (10) 
I. INTRODUCTION
In these decades many informations on the quark lepton mass matrices have been accumulated. We are confronted with the very era when we should seriously consider a realistic model in both sences of phenomenology and Grand Unified Theories. On this ocasion, neutrino masses may be the window to the grand unified theories via heavy right-handed neutrinos. Along this sight we considered the SO(10) model with two Higgs scalars in [1] and [2] .
Our SO(10) model with two Higgs scalar, {10 and 126}, may be the first realistic model which successfully fit with the quark lepton mass spectra, Cabbibo-Kobayashi-Maskawa (CKM) [3] , and Maki-Nakagawa-Sakata (MNS) [4] mixing matrices based on the SO (10) framework. In these studies SO(10) invariant model is, of course, valid at GUT scale and the data in our hand are those at much lower energy scale, at electroweak scale. So we must transport either of them to the other energy scale using the renormalization group equation (RGE). In [1] we discussed briefly about the renormalization effect of our model. However, neutrino mass matrix is left untouched there. In [2] we discussed the neutrino mass matrix but did not argue the RGE effect. This model has four Higgs doublets: two Higgs doublets in each up-type and down type quark-lepton at electroweak scale (see Eq. (1), whose RGE has not been considered. So it is imminent to argue the RGE for the realistic model like [1] [2]. In this note we formulate the RGE's in SO(10) GUT with two Higgs scalars in detail and apply them to the above realistic model.
The renormalization of the neutrino mass operator was discussed by Babu-Leung-Pantaleone [5] for a simpler model. Unfortunately it includes some calculational errors [6] , though it does not affect our work. Our model is the most simple realistic model in non SUSY SO (10) GUT. Neverthless, as we mentioned, it includes multi Higgs doublets: two Higgs doublets in each up-type and down type quark-lepton at electroweak scale. That is, if two Higgs scalars, φ 10 and φ 126 , are incorporated in the SO(10) model, tha mass matrices of quarks and leptons have the following forms,
at electroweak sacale. Here q L and l L are the left-handed quark and lepton doublets. Namely, from the top to the bottom lines of Eq.(1), they represent up-type quark, down-type quark, the Dirac neutrino and charged lepton mass matrices, respectively. Also
n = 1, 3 (n = 2, 4) are the doublets coming from φ 10 (φ 126 ) at GUT scale [7] . φ 0 n (n = 1, 2, 3, 4) have VEVs at electroweak scale,
and
In these multiple Higgs models we always encounter with flavor-changing neutral current (FCNC) problem as Glashaw and Weinberg remarked [8] . However, Cvetic et al. argued that FCNC is suppressed even in the case of multiple Higgs case [9] . Hereafter we do not estimate FCNC and do not assume any specific relation between Φ 1 and Φ 2 (Φ 3 and Φ 4 ).
Such a restriction may be incorporated in our general formula.
At GUT scale the Yukawa couplings are unified to
and Eq.(4) is reduced to [10] 
Here
It should be emphasized that this model can be compatible with the large angle of atmospheric neutrino oscillation as far as we do not adopt any simplification not allowed in SO (10) framework [2] . In non SUSY SO (10) 
with
Here φ(10, 1, 3) has the VEV at the intermediate scale, Λ I . That is, the seesaw mechanism occurs [12] . For µ < Λ I , M R becomes heavy and, combining the Yukawa couplings of N in Eq. (1) with Eq. (9), we must treat the four point interaction,
where m, n are 1, 2 and i, j are flavour indicies. The reason why m, n run over 1, 2 is that it comes from the Dirac neutrinos (the third line in the right-handside of Eq. (1)). Thus the light neutrino mass matrix is given by
We have two Higgs doublets in each up-type quark-lepton and down-type quark-lepton and κ (m,n) (m, n = 1, 2) in ours are the generaslization of κ (22) in [5] . We have no term corresponding to κ (11) in [5] .
In the non SUSY SO(10) with two Higgs scalars, RGE for the Yukawa couplings are as follows: 
In Eqs.(1.14)-(1.19), the first two terms (before g 2 i terms) are the contribution of fermion loop, the third term that of gauge loop, and the remaining two terms those of Higgs loop.
The second term indicates the mixing of two Higgs doublets in the fermion loop correction.
These formulas, of course, are reduced to one-loop RGE's for the standard model if we set either Y (10) or Y (126) zero [13] . 
− tr 3Y
Here we have replaced the RGE of Φ i with v i . It goes from Eq. (4) and Eqs. (14)- (23) that
It should be remarked that RGE destroys the transpose-invariance of mass matrix possesed at GUT. At µ < Λ I , we must treat the RGE of κ of Eq. (11), giving the following forms; 
The different factor 2 of the coefficients of g 2 2 in κ (1, 2) and κ (2, 1) comes from the different contribution of W-boson and Z-boson loop correction on κ (1, 2) and κ (2, 1) . Here we have not included quartic interactions of Higgs field since they still remain ambiguous both on the forms and strengths in these multiple Higgs models.
Substituting the above equations into Eq. (13), we obtain the RGE of the light neutrino mass matrix: Finally, using these RGE, let us estimate the RGE effect of sinθ 23 of MNS mixing matrix, which is crucial to most of the model buildings. In our previous paper [2] , it gave sin 2 (2θ 23 ) = 0.75 little bit smaller than the observed value, 0.88 ≤ sin 2 (2θ 23 ) ≤ 1. However, our value may be considered as that of GUT scale since we used GUT scale relation (6) and we need to estimate the value at electroweak sccale using RGE. We have adopted the base that M e is diagonal, then the relevent equation for θ 23 is
in two generations' approximation. So the RGE for sin 2 2θ 23 is easily read. We imput here the result of [2] as the initial data at GUT scale as the zeroth order approximation and calculate how to evolve down to the electroweak scale. The intermediate energy scale is very close to GUT scale and RGE's are roughly dominated by the process from electroweak to the intermediate scale. We obtain sin 2 (2θ 23 ) = 0.82 starting from sin 2 (2θ 23 ) = 0.75 (Fig.1) .
That is, data fitting, at least concerned with sin 2 (2θ 23 ), is improved by incorporating RGE.
This estimation is rather preliminary. However it may be sufficient to roughly estimate how much physical observables decrease or increase by the RGE. More precise values may be obtained by incorporating these evolutions into the initial values and adjust to coincide at electroweak scale by iterating these processes. More systematic application of RGE will be given in a subsequent paper [18] . 
